We disprove a conjecture proposed in [Gaspers et al., Discrete Applied Mathematics, 2010] and provide a new upper bound for the minimum number of brushes required to continually parallel clean a clique.
Introduction and Definitions
In a graph cleaning model, every vertex and edge of a graph is iniitally considered to be contaminated or dirty and brushes are distributed to a set of vertices. A vertex may be cleaned if it contains as many brushes as dirty incident edges. When a vertex is cleaned, it sends exactly one brush along each dirty incident edge, cleaning those edges. In the sequential cleaning model (see [2, 7, 8] for example), at each step exactly one vertex is cleaned and the brush number of a graph G is defined as the minimum number of brushes needed to clean G using the sequential cleaning model. In the parallel cleaning model (see [3, 7] for example), at each step every vertex that may be cleaned, is cleaned simultaneously and the parallel brush number for a graph G is the minimum number of brushes needed to clean G using the parallel cleaning model. In [7] , the authors showed that for any graph G, the sequential and parallel brush numbers coincide, thus we denote by b(G), the brush number of G. Figures 1 and 2 illustrate the sequential and parallel cleaning models on a 5-cycle where one vertex initially has 2 brushes and all other vertices initially have 0 brushes. The dotted lines and white vertices indicate clean edges and clean vertices and for the end of each step, the distribution of brushes (i.e. the number of brushes at each vertex) is given. The reader will observe that in Figure 1 , there is a choice as to the second vertex cleaned (and also the third and fourth vertices cleaned). It was shown in [7] that such decisions can be made arbitrarily as they do not affect whether all vertices (and edges) of a graph can be cleaned; that is, whether a graph can be cleaned depends entirely on the number and initial distribution of brushes. We further observe that at the end of step 4, every edge has been cleaned, but one vertex has not yet been cleaned. This example illustrates that after all edges have been cleaned, one additional step may be required to ensure all vertices are clean. Finally, in the parallel model, it is important to note that if adjacent vertices are cleaned during the same step, both vertices will send a brush along the common edge to the other vertex. This can be observed in Figure 2 . Step 1
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Step 3 In this note, we are concerned with the number of brushes required to continually parallel clean a complete graph (clique). The sequential cleaning model considers a network that must be cleaned periodically of a regenerating contaminant. In practice, mechanized brushes are sometimes used to remove regenerating contaminants such as algae and zebra mussels from water pipes as routine maintenance [4, 5] because zebra mussels can accumulate and restrict water flow in municipal, industrial, and private water systems [1] . As a result, we are interested in whether locations of the brushes after a system has been cleaned, can be used as starting locations for the brushes to clean the system again. The sequential cleaning model is inherently reversible (see Theorem 2.3 in [7] ); that is, a final configuration of brushes on a graph G is always a viable initial configuration of brushes that can be used to clean G again. Although b(G) brushes can be used to parallel clean a graph G once, the parallel model is not always "reversible" (see for example, Figure 2 ). Thus, for many graphs, additional brushes beyond b(G) are required in order to continually parallel clean the graph and the continual parallel brush number is denoted cpb(G).
Formally, at each step t, ω t (v) denotes the number of brushes at vertex v (ω t : V → N ∪ {0}) and D t denotes the set of dirty vertices. An edge uv ∈ E is dirty if and only if both u and v are dirty: {u, v} ⊆ D t . Finally, let D t (v) denote the number of dirty edges incident to v at step t:
We next formally define the parallel graph cleaning process, following the definitions provided in [3] .
with an initial configuration of brushes ω 0 is as follows:
(0) Initially, all vertices are dirty:
stop the process (K = t), return the parallel cleaning sequence ρ = (ρ 1 , ρ 2 , . . . , ρ K ), the final set of dirty vertices D K , and the final configuration of brushes ω K
(2) Clean each vertex v ∈ ρ t+1 and all dirty incident edges by traversing a brush from v to each dirty neighbour. More precisely, = ω s Ks . The continual parallel brush number, cpb(G), of a network G is the minimum number of brushes needed to continually clean G using a parallel cleaning process.
In [3] , the authors provided bounds for cpb for a number of graphs and determined cpb exactly for some classes of graphs. In particular, they showed
Based on these bounds and computational results, the authors [3] conjectured
The main result of this note, stated below, provides an improved upper bound for cpb(K n ) which disproves the above conjecture (2) of [3] .
Theorem 11. Let n 0 be a non-negative integer and for i ∈ Z + , let
In [7] , it was determined that b(K n ) = n 2 4 . Combined with the results of Theorem 11, the following corollary is immediate.
Corollary 12. Let n 0 be a non-negative integer and for i ∈ Z + , let
The proofs of Theorem 11 and Corollary 12 can be found in Section 2.
Results
Definition 4. Label the vertices of K n as v 0 , v 1 , . . . , v n−1 and let ω 0 be an initial configuration of brushes that will parallel clean K n , leaving final configuration ω K . Then ω 0 is a 1-clique configuration if (1) ω 0 (v i ) ≤ n − 1 for all i ∈ {0, 1, . . . , n − 1} and (2) there is a one-to-one correspondence between the elements of {ω 0 (v 0 ), ω 0 (v 1 ), . . . , ω 0 (v n−1 )} and {ω K (v 0 ), ω K (v 1 ), . . . , ω K (v n−1 )}.
For a 1-clique configuration ω 0 , let S n (ω 0 ) = n−1 i=0 ω 0 (v i ). If ω 0 is an arbitrary initial 1-clique configuration, we denote S n (ω 0 ) as simply S n . Then certainly, cpb(K n ) ≤ S n .
For n ≡ 1, 2 (mod 3), the initial configurations given in [3] that achieve the upper bound of (1) are 1-clique configurations, however, the initial configuration given for n ≡ 0 (mod 3) in [3] is not a 1-clique configuration. Having 1-clique configurations are key to our main result later in this section, so in Theorem 5, we provide a 1-clique configuration for K n for n ≡ 0 (mod 3) that uses 4 9 n 2 + O(n) brushes (the proof is similar to that of Theorem 4.8 in [3] ).
A vertex is said to be primed if it has at least as many brushes as incident dirty edges. Vertices are cleaned in three phases: in phase 1, a set of k vertices are cleaned, starting with the only primed vertex, then two primed vertices, then four primed vertices, and so on (although the cardinality of the last subset of vertices need not be a power of 2). In phase 2, a set of k + 3 vertices are cleaned all in one step. In phase 3, the remaining set of k vertices are cleaned in one step, but being a clique, the number of brushes at each vertex does not change during this step.
Theorem 5. Let n = 3k + 3 for some non-negative integer k and label the vertices of K n as v 0 , v 1 , . . . , v 3k+2 . If
then K 3k+3 can be cleaned with 1-clique configuration ω 0 , using a total of 4k 2 + 7k + 6 = 4 9 n 2 + O(n) brushes.
Proof. For k ∈ {0, 1, . . . , 8} we can manually check that ω 0 is a 1-clique configuration. Thus, we consider k > 8.
Consider the vertices cleaned in phase 1:
Only v 3k+2 is cleaned during step 1. Suppose that 2 j−1 vertices are cleaned during step j for j ∈ {2, 3, . . . , t − 1} where t < log 2 (k + 1) . We inductively show that during step t, 2 t−1 vertices are cleaned. Let v i be a vertex cleaned during step t. Then
As v i could not have been cleaned during the previous step,
Thus, during step t < log 2 (k + 1) , 2 t−1 vertices are cleaned. Finally, we observe that for v i cleaned during step t < log 2 (k + 1) ,
We consider the remaining vertices of phase 1; that is, the vertices cleaned during step = log 2 (k + 1) . Let v i be one such vertex.
. Therefore the remaining vertices of phase 1 are cleaned during step . Since there are a total of k − (2 −1 − 1) − 1 vertices other than v i cleaned during step ,
We next consider the vertices cleaned during phase 2: {v 2k+2 , v 2k+1 , . . . , v k }. No vertex v i ∈ {v 2k+2 , v 2k+1 , . . . , v k } can be cleaned prior to step + 1 as
However as exactly k vertices were cleaned during phase 1,
and vertices v i ∈ {v 2k+2 , v 2k+1 , . . . , v k } are all cleaned during step + 1. Further, we note that these vertices will each have k + 2 brushes in the final configuration.
Finally, we consider the vertices cleaned during phase 3:
. . , v 0 } can be cleaned prior to step + 2 as
However, all v i ∈ {v k−1 , v k−2 , . . . , v 0 } are cleaned during step + 2 as
The final configuration is
where t * = log 2 (3k − i + 4) is the step at which v i was cleaned. By a relabeling of vertices, configuration ω +2 is equivalent to ω 0 . We further note that at each step of the cleaning process, no vertex had more than n − 1 = 3k + 2 brushes.
In the next lemma, we start with a 1-clique configuration of K n and use it, along with the previous theorem, to build a 1-clique configuration of K 3n+3 . In Theorem 5, vertices of K 3n+3 were cleaned in 3 phases, with n vertices cleaned during phase 1. Lemma 6. Let n ∈ N. There exists a 1-clique configuration that cleans K 3n+3 using 2S n + 3n 2 + 8n + 6 brushes.
Proof. Let n ∈ N and label the vertices of K n as v 0 , v 1 , . . . , v n−1 . Let ω 0 be a 1-clique configuration of K n . Label the vertices of K 3n+3 as u 0 , u 1 , u 2 , . . . , u 3n+2 , and set
Sets A, B, and C are cleaned during phases 1, 2, and 3, respectively.
We first observe that no vertex of B ∪ C can be cleaned until n vertices of K 3n+3 have been cleaned. If only n − 1 vertices have been cleaned, then a vertex in B ∪ C will have at most (n + 2) + (n − 1) = 2n + 1 brushes, but will have 2n + 3 dirty incident neighbours. Thus, in phase 1, only vertices of A will be cleaned.
Phase 1: Let j ∈ {2n + 3, . . . , 3n + 2}. We aim to show that if v j−2n−3 is cleaned during step t in K n then u j is cleaned during step t in K 3n+3 . Suppose n > 1 (one can manually check that the configuration is a 1-clique configuration for n = 1). Obviously, the previous statement holds for t = 1 and suppose that the statement holds for all t < t for some step t . By induction, we prove the statement holds for t = t . In K n , suppose vertex v j−2n−3 is cleaned during step t and x vertices were cleaned during earlier steps; then
Using (3), we see that vertex u j in K 3n+3 is cleaned during step t :
Suppose the vertices of A (and of K n ) are cleaned by step κ. Since ω 0 is a 1-clique configuration in K n , there is a one-to-one correspondence between the sets {ω κ (u 3n+2 ), ω κ (u 3n+1 ), . . . , ω κ (u 2n+3 )} and {ω 0 (v 0 ), ω 0 (v 1 ), . . . , ω 0 (v n−1 )}. Further, since ω t−1 (v j−2n−3 ) ≤ n − 1 (as ω 0 is a 1-clique configuration) and
Thus, a vertex in A has at most 3n + 2 brushes at any step. Phase 2: Next, we observe that no vertex of C can be cleaned at step κ + 1: each vertex of C has at most (n − 1) + n = 2n − 1 brushes, but 2n + 2 dirty incident neighbours (since |A| = n and |B| = n + 3). Similarly for u j ∈ B, ω κ−1 (u j ) ≤ 2n + 1 < D κ−1 (u i ) and D κ−1 (u j ) ≥ 2n + 3, so no vertex of set B can be cleaned at step κ (or earlier).
However, for each u j ∈ B, ω κ (u j ) = 2n + 2. Thus, each vertex of B is cleaned at step κ + 1, leaving ω κ+1 (u j ) = n + 2 for each v j ∈ B. Clearly there is a one-to-one correspondence between the sets {ω κ+1 (u n ), ω κ+1 (u n+1 ), . . . , ω κ+1 (u 2n+2 )} and {ω 0 (u n ), ω 0 (u n+1 ), . . . , ω 0 (u 2n+2 )}. Further, we note that a vertex in B has at most 2n + 2 < 3n + 2 brushes at any step.
Phase 3: Finally, we consider the vertices of C. For u j ∈ C, ω κ+1 (u j ) = ω 0 (v j )+2n+3 ≥ 2n+3 and since |C| = n, every vertex of C is cleaned at step κ+2. Thus, there is a one-to-one correspondence between the sets {ω κ+2 (u 0 ), ω κ+2 (u 1 ), . . . , ω κ+2 (u n−1 )} and {ω 0 (u 2n+3 ), ω 0 (u 2n+4 ), . . . , ω 0 (u 3n+2 )}. Further, we note that a vertex in C has at most 3n + 2 brushes at any step. Lemma 7. Let n ∈ N. There exists a 1-clique configuration that cleans K 3n+1 using 2S n +3n 2 +2n brushes where S n is a 1-clique configuration for K n . Lemma 8. Let n ∈ N. There exists an initial 1-clique configuration that cleans K 3n+2 using 2S n + 3n 2 + 5n + 2 brushes where S n is a 1-clique configuration for K n .
The proofs of Lemmas 7 and 8 are extremely similar to the proof of Lemma 7 and consequently have been omitted. We do, however, provide the initial configurations used to prove Lemmas 7 and 8. Label the vertices of K n as v 0 , v 1 , . . . , v n−1 . and let ω 0 be a 1-clique configuration of K n . Label the vertices of K 3n+1 as u 0 , u 1 , u 2 , . . . , u 3n and set
Label the vertices of K 3n+2 as u 0 , u 1 , u 2 , . . . , u 3n+1 , and set
if 0 ≤ j ≤ n − 1 n + 1 if n ≤ j ≤ 2n + 1 ω 0 (v j−2n−2 ) + 2n + 2 if 2n + 2 ≤ j ≤ 3n + 1.
Iteratively applying Lemmas 6-8, yields the next corollary.
